On the Conditions to Extend Ricci Flow 

Bing Wang 



Abstract 

Consider {(M",(;(f)), < t < T < 00} as an unnormalized Ricci flow 
solution: = —2Rij for t £ [0,T). Richard Hamilton shows that if the 
curvature operator is uniformly bounded under the flow for all t £ [0, T) 
then the solution can be extended over T. Natasa Sesum proves that a 
uniform bound of Ricci tensor is enough to extend the flow. We show that 
if Ricci is bounded from below, then a scalar curvature integral bound is 
enough to extend flow, and this integral bound condition is optimal in 
some sense. 



1 When can Ricci flow be extended? 

In (0), R. Hamilton introduces Ricci flow which deforms Ricmannian metrics 
in the direction of the Ricci tensor. One hopes that the Ricci flow will deform 
any Riemannian metric to some canonical metrics, such as Einstein metrics. 
One can even understand geometric and topological structure of the underlying 
differential manifold by this sort of deformation. The idea is best illustrated 
in (0) where Hamilton proves that in any simply connected 3 manifold without 
boundary, any Ricmannian metric with positive Ricci curvature can be deformed 
into a positive space form (up to scaling). Consequently, R. Hamilton proves 
that the underlying manifold is indeed diffeomorphic to S^. This fundamental 
work sparks a great interest of many mathematicians in Ricci flow. In a series 
of work, R. Hamilton introduces an ambitious program to prove the Poincare 
conjecture via Ricci flow (cf. (9;) for Hamilton's pro gram and early references 
in Ricci flow.). The celebrated work of G. Perelman (|l4h . (15) and (flil ) indeed 



proves the Poincare conjecture which states that every simply connected 3 man- 
ifold is S^. We refer the readers to dil), © for more information. 



After Perelman's work in the Ricci flow, there is a renewed interest in Ricci 
flow and its application around the world. We will refer readers to the book 
for more updated references. In this note, we want to concentrate in studying 
some basic issue on Ricci flow; the maximal existence time of Ricci flow and 
the geometric conditions that might affect the maximal existence time. 

One notes that Ricci flow is a weak Parabolic flow. R. Hamilton first proves 
that for any smooth initial data, the flow will exist for a short time in (0). 
In (0), Hamilton's proof is simplified greatly by a clever choice of gauge. The 
next immediate question is the so called "maximal existence time" for the Ricci 
flow (with respect to initial metric). In |9i), Hamilton proves that if T < 00 is 
the maximal existence time of a closed Ricci flow solution {{Ar\ g{t)),0 <t< 
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T < oo}, then Ricmannian curvature is unbounded as t T. In other words, 
a uniform bound for Riemannian curvature on M x [0,r) is enough to extend 
Ricci flow over time T. In (fisl). by a blowup argument, Sesum shows that Ricci 
curvature uniformly bounded on M x [0, T) is enough to extend Ricci flow over 
T. Sesum's surprising work uses the no local collapsing theorem of Perelman. 
A natural question arises: what is the optimal condition for the Ricci flow to 
be extended? In many ways, we believe that the scalar curvature bound shall 
be enough to extend the flow. In this note, we first prove ( See Definition 12.11 
for notations). 

Theorem 1.1. {{M" , g{t)),0 <t<T< oo} is a dosed Ricci flow solution. If 
1. Ric{x, t) > —A for all (x, t) E M x [0, T), A is a positive constant , 

2- II^IL,Mx[0,T) <°«> «> 

then this flow can be extended over time T. 
and 

Theorem 1.2. {(M",g(i)),0 <t <T < cxd} is a closed Ricci flow solution. If 

n + 2 

then this flow can be extended over time T. 

These two theorems are optimal in some aspects as illustrated by Exam- 
ple [5Tl] in the next section. 

Remark 1.1. In theorem let a — oo, we can recover Sesum's and 

Hamilton's results. 

Organization Let's sketch the outline of this note. We first fix some notations 
in section 2. Then, in section 3, we prove Theorem 11.21 for all n > 2. In sec- 
tion 4, we use no local collapsing theorem and Croke's argument to establish a 
local Sobolev constant control. Then we use this control to develop a general 
parabolic Moser iteration under Ricci flow in section 5. Applying Moser itera- 
tion to R in section 6, we prove Theorem 1 1.1 1 for n > 3. 
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problem to my attention and even showed me the main tools to handle this 
problem. I'm grateful to professor Dan Knopf and professor Sigurd Angenent 
for their helpful discussions. I would like to thank Haozhao Li for pointing out 
some errors in the ealier version of this note. 



2 Preliminary 

Let M" be a connected compact manifold without boundary. {M",g{t)) is 
called a closed Ricci flow solution if the metric satisfies the equation: 



dt ~ "'"'^ 



2R,,. (1) 
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By direct calculation, we have the evolution equations for curvatures under Ricci 
flow: 

^ = AR + 2\Ric\\ (2) 
dR - ■ 

'■^ = A Rij + 2RikijRki — 2R^kRkj, (3) 



dt 
dRjjki 

dt 



= ARijki + 2{Bijki — Bijik + Bikji — Biljk) 

i^-^ip-^^jkl ~t~ RjpRipkl ~t~ Rkp-^ijpl ~t~ ^Ip-^ijkp)^ (4) 



where Bijki = —RipqjRkpqi- 

)f volume elei 

fid 1 1. 

-Rdii. (5) 



The evolution equation of volume element is 



dt 

For convenience, we define some norm of the space time manifold M x [0, T) 
below. 

Definition 2.1. Suppose N c M, for any measurable function F defined on 
N X [0, T) and a>l, we define 



ll^lla,iVx[0,T) = (/ / Wrdndt)^, 
Jo JN 

m;t)\L.N = i[ \FQt)d^^m)-' 

J N 

F+ = max{F, 0}, F_ = max{-F, 0}. 



Now we are ready to give example to illustrate that Theorem 1.1 is sharp in 
some aspects. 

Example 2.1. Let {S^,gs) be the space form of constant sectional curvature 
1. Now we start Ricci flow from metric (S", (/«). By direct calculation, g{t) = 
{l — 2{n—l)t)gs is the Ricci flow solution. Therefore, T = 2(n-i) maximal 
existence time. However, we compute 



Jo Jm 

■ T 



n 



-Tdt}-^ 



2{T-t)' 

V{0)"T-^{[ {T - t)i-"dt}i , 
Jo 



therefore. 



\R\\ 



Mx [0,T) 



= oo, a > f + 1, 
<oo, a < I + 1. 
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Moreover, Ric > 0. This suggests us that Theorem \l.l\ cannot be improved to 

Since S" is space form, |i?mp — C{n) \R\'^ , then 

P"^IL, Mx[0,T) = C{n)\\R\\^^ Mx[0,T)- 

Hence, 

ll^™lla,Afx[o,T) I a<f + l. 

T/iis implies Theorem can not be improved to a < ^^^y^ . 

The uniform Sobolev constant control will play an important role in our 
proof. 

Definition 2.2. Suppose {{M"',g{t)),0 < t < T < 00} is a closed Ricci flow 
solution, N C. M . We say a is a uniform Sobolev constant for N at each time 
slice, if 

i dfig^t))"^ < |Vw|2(,)d^3(t), (6) 

Jn J n 

for every function v € Wq''^{N) and < t < T . 

If Ricci is bounded from below, we can control ^ by R. 

Property 2.1. Suppose Ric > —B, let R = R + nB, then 

r) /? 

— < AR + 2{R-2B)R + 2nB^. (7) 

Proof. Choose an orthonormal basis to diagonalize Ric such that Ric ~ diag{Ai, • • • , A„}, 
then 

Ric + BI = diag{Ai + B, ■ ■ ■ , + B}, 
where each term is nonnegative. Therefore, 

(Ai + B)2 + . . . (A„ + B)2 < (Ai + B + • • • + A„ + 
consequently, 

A? + • ■ • + A^, < (Ai + • ■ • + Xnf + 2{n - l)B(Ai + ■ • ■ + A„) + n{n - 
i.e. 

Ifficp < + 2{n - 1)BR + n{n - 1)5^ 

= Tf -2BR + nB^. (8) 

From inequality ([2]), we have 

dR dR 
'dt ~~dt 

^ AR + 2\Ric\^ 

<AR + 2(i?2 - 2BR + nB'^) 

^ AR + 2{R- 2B)R + 2nB^ 

□ 
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In (jl4[ ). Perelman proves the fundamental no local collapsing Theorem: 

Theorem 2.1. {(Af", < t < T < 00} is a closed Ricci flow solution. 

Then there exists a k > 0, such that for any {x,t) G M x [0, r),r > 0, if 
supj^gSg(„(:E,r) \Rm\{y,t) < r-^, then 

Volg(t)(Bg(t)(x,r)) 

> K. 



Actually, Perelman has already noticed that the same conclusion still holds 
if we replace the Riemannian curvature by scalar curvature. That is the next 
theorem. 

Theorem 2.2. {{M^ , g{t)),Q < t < T < 00} is a closed Ricci flow solution. 
Then there exists a k > 0, such that for any {x,t) € M x [0,T),r > 0, if 
supj^gB^^^^(^ \Riy,t)\ < then 

Volg(t)(Bg(t)(x,r)) 

> K. 

j.n — 

The proof of Theorem O can be found in ([l2), (jli). We wiU use Theo- 
rem to get Sobolev constant control. 



3 Proof of Theorem 11.21 for n > 2 

Proof. By Holder's inequality, mx[o t) < oo implies ||-Rm|| ..+2 ^^^[ot) 

oo if a > ^ gQ pjjjy j^eed to prove Theorem 11.21 for a = ^^-i^ . 
We argue by contradiction. 

Suppose T is the maximal existence time. Then there is a sequence (a;^'-* , i^'-*) 
with limi_>oo i^*'' = T and limi^oo — oo. Moreover, 

|i?m|(a;(*',i(')) = max \Rm\{x,t). 

(a:,t)GMx[0,t(»)] 

Let 

g« ^ |i?m|(a;W,i(')), 

5W(i)^gW5((QW)-ii + f«). 

By Theorem 12.11 we have uniform lower bound of injectivity radius at points 
for the sequence {((M", (t)), -Q^tW < t < 0} . So it 
subconverges to an ancient Ricci flow solution {{{M,x),g{t)),~oo < t < 0}. 
Therefore, by the scaling invariance of Jj^^ \Rm\~^ dfidt, we have 

" f - Il+A f° f ^ 

/ \Rm\ 2 dfidt < lim / / \Rm\ a),f,dii„(i)i^\dt 

/•**" f ^ 

= lim / / \Rm\ 2 d^dt 

/• ^ 
< lim / / \Rm\ 2 dfidt 

i-*oo J((>)_(Q(i))-i Jm 

= 0. (9) 
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The last equality holds since Jq Jj^j \Rm\~i~ dfidt < oo and lhni^oa{Q'^''^)^ ^ = 
0. Since {M,g{t)) is a smooth Riemannian manifold for each t <Q, equality ^ 
implies that \Rm\ = on the parabolic ball -Bg(o)(2,i) x [—1,0]. In particular, 
\Rm\{x,Q) — 0. On the other hand, 

\Rm\{x,0) = lim |i?mL(,) (a;^*), 0) = 1. 

So we get a contradiction. □ 

When dimension is 2, Rm = R. Thus Theorem 11.11 and Theorem 11.21 are 
the same. So we have already proved Theorem 11.11 for n = 2. When n > 3, 
R and Rm are different. Accordingly we have to develop some new techniques 
to prove Theorem 11.11 Moser iteration will play a critical role in our proof. In 
order to apply Moser iteration, we need to get a local Sobolev constant control 
first. 



4 Local Sobolev Constant Control 

In this section, we discuss how to control isoperimetric constant locally. By 
the equivalence of isoperimetric constant and Sobolev constant, we get the lo- 
cal control for Sobolev constant. The following argument comes from Croke's 
paper H). 

Definition 4.1. Suppose {N, dN,g) be a smooth compact manifold with smooth 
boundary and Riemannian metric g. 

A AreaQf^)" 
^ ' niN Vol(17)""i 

Let UN N represent the unit sphere bundle with the canonical measure. For 
V e UN , let 7„ be the geodesic with 7^(0) — v, let C{v) represent the geodesic 
flow, i.e. Ci"^) = I'vit)- Let l(v) be the smallest value of t > (possibly oo) 
such that 7«(t) G dN. Note C{v) is defined for t < l{v). Let 

l{v) = sup{i|7„ minimizes up tot andt < l{v)}, 
UM^{ve UM\l{v) = l{v)}, Up ^ AAAp)^ 



ujp = — , w = mf Wp, 

Areat/p p&n 

a{n) = volume of unit sphere of dimension n. 



For p G dN , let Np be the inwardly pointing unit normal vector. Let 
U^dN dN be the bundle of inwardly pointing unit vectors. That is, 

U+dN ^ {ueUN\aN\{u,N^iu)) >0}- 

U^dN has natural metric structure. 

This uj is related to ^{N) closely. If we have a control over d), then it's easy 
to get a control for ^{N). 
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Proposition 4.1. For {N,dN,g) we have 

f{v)dv = [ fiCiu)) < u, 7V,(„) > drdu, (10) 

'UN Ju+dNJQ 

where f is any integrable function. In particular for f = I, we have 

Vo\{UM)^ [ l{u){u,N^(^^))du. (11) 

Ju+dN 

This formula occurs in p.286, and {13), pp.336-338. 

Proposition 4.2. Let N" be a Riemannian manifold and u G UN . Then for 
every I < C{u) (the distance to the cut locus in the direction u): 

x=l /<z=l—x ln+1 

F{C{u),z)dzdx>C^{n)-—-, (12) 



n+l 

x=a J z=0 " 

where Ci{n) — 2a(n^i) • -^(^'-^) volume form in polar coordinates, i.e., 

r fC(v) 

/ / F{v,z)dzdv = Yo\{M). 
Jup Jo 

The proof can be found in Berger's work Q) (Appendix D). 
Lemma 4.1. For {N,dN, g) we have the isoperimetric inequality: 



Yo\{Ny 

njhereC2{n)^T^-'^l^^. 
Proof. 



Yo\{Ny = / Yo\{N)dp 
'n 



^>C2in)Q"+\ (13) 



> I I I F(u,t)dtdudp 

f.l(u) 

F{u, t)dtdu 

UN Jo 

> / F{u,t)dtdu 

JuN Jo 

i(v) niiCiv)) 

/ F{C{v),t){v,N^(^,^)dtdsdv 

U+dN Jo Jo 

l{v) fi{v)-s 

FiC'iv), t)dtds] {v, iV^(„))dw 



U+dN Jo Jo 
■n+l 



>^ f mr+'{v,N^(,))dv. (14) 

'U+dN 
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By Holder inequality, 

/ l{v){v,N^i^^^)dv = / {!{v){v,N^^^))^){v,N^^^))^dv 

Ju+dN Ju+dN 

m+l 



<(/ r+\v,N,^,))dv) — i («,7V^(,))d«) — , 

U+dN Ju+dN 



then, 



Put inequality ([T5|l into inequality we get 



(15) 



therefore, 



Vol(iV)2( / (z;,iV^(„))d«)" > ^ Vol(J7M)"+i 



Ci(n 



> 



^pa(?i- l)Vol(7V)] 



n+l 



Note that 



consequently, 



{v, N^^^))dv = Ai-ea{dN), 

U+dN 



Area(aiV)" ^ , ^.„+i(2^)" 

Vol(iV)"-i ~ 7r"+i ^ ^ a(n)'^ 



□ 

Lemma 4.2. Af is a complete Riemannian manifold with Ric > —{n — 1)K^. 

d A^i C N2 C M , Q is a domain with smooth boundary, and diam(iV2) < D. 
Then 



Proof. Choose p G fi. Then (fJ, i9fi,(7) is a smooth Riemannian manifold with 
boundary. We look {^l,dil,g) as {N,dN,g) in our previous argument. Let 

Op ^ {q G M\q — exp tu,u E Up ,t < C{u)}, 
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where C{u) is the cut radius at direction u. Since u e Up, l{u) = l{u). Therefore 
M \ n c Op, in particular, N2\Ni C Op. And also we know, N2\Ni c N2 C 
B{p,D). Then 

yol{N2 \Ni)< Vol(Op n B{p, D)) 

fD 

F{u, r)drdu 



u„ JO 



<^pain-l)l"C^r-Ur. 



Lbpa{n — 1) / 
Ja 

Consequently, 

Vol(7V2) - Vo\{N_ 



Since p is an arbitrary point in f2, wc have 

Vol(A^2) - Vol(iVi) 



u) = inf (Do > 



pen P a(n-l)/o^(2is^)»-idr' 

□ 

Theorem 4.1. Suppose {{M^ ,g{t)),Q <t<l},n>iisa Ricci flow solution. 
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p G M, and 

Ric{x, t)>-{n- 1), V (x, t) e M X [0, 1]; 
Ric{x,t) < (n - 1), V {x,t) G 1) X [0, 1]; 

V0lg(l)(Bg(l)(p, 1)) > K. 

Let r{K) be the solution of /J^'''*''(sinh s)"^^cis — 2a(n-i)e^"'-"-^^ ' '^^^''^ there is a 
uniform Sobolev constant a{n,K) for Bg(^^{p,r{K)) on each time slice, i.e., for 
any f G Wo'^(Bg(i)(p, r(K))), 

ll/llir5,B,U)(p.K«)) ^ ^("' Wll2,B^(,,(p,.('.))- (1^) 



Proof. Let A^i = Bg(^i){p,r{K)), N2 = -Bg(i)(p, 1). Calculating the evolution 
equation for volume: 

< n(n - 1) Volg(t)(7V2), (i?«c > -(n - 1)) 

hence, 

Vol,(t)(iV2) > e"("-i)(*-i) Vol3(i)(7V2) 

>e-"("-i)Volg(i)(7V2) (0<i<l) 

> e-"("-iV. (18) 

Similarly, by the condition Ric < (n — 1), 

Volg(t)(iVi) < e"("-i)(i-*) Vol3(i)(7Vi) 
<e"("-i)Vol,(i)(7Vi) 

<e"("-i)a(n-l) / ' \sinhs)"-^ds 



< ^e-"("-i). (19) 

Now we consider the diameter change under Ricci flow. Suppose {7(5), < s < 
p} is a normalized shortest geodesic contained in A^2 at time t, then 



<^-^g(t)(7) ^ 
dt 



p 

Ric{j\ j')ds 



>-(n-l)L3(t)(7). 
Let D{t) be the diameter of N2 at time t, we have 

d-i?(i) 



dt 



> -in-l)D{t), 
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hence, 

D{t) < 7:>(l)e("-i)(i-*) < 2e("-i^ (20) 

Choose an arbitrary domain Q d Ni with smooth boundary.By inequahties 
(ITH1),([I1|) and (Uni), from lemma [i?^ we know 

~ VoW)(iV2)-VoW)(iVi) 

~ 2a(n- l)/Q^'''"""(sinhs)"-ids 
= C3(n, k). 

Then, from lemma 14.11 we have 

Area(arj)" „+i 

= C4{n, k). 

Since we can approximate any domain by domains with smooth boundary, we 
actually get 

Accordingly, by the equivalence of isoperimetric constant and Sobolev con- 
stant, for any / e Wo'^(iVi), 



Ci{n,K){ \f\ — d^l)^ < / |V/|. (22) 

JNi JNi 

We refer the readers to for a detailed proof for the equivalence of inequality 
(PT|) and inequahty Let 7 > 0, then 



i^ii <^ii7i/rMiii 
1 



therefore, 

l/ll?iX.,Arj < II/II Tt-i)p ■ ll'^/llp,Afi 



Choose 7 = EiS—Li -^e have 

' 71 — p ' 



1-p ' ^ 04 n — p 



In particular, choose p = 2, let 

(7(n,K) = ( 



2(n-l) 2 

C4(n,At)(n-2)'^ ' 
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we obtain 



for any / S Wl'^{Ni). □ 

After we get the local Sobolev constant control, we are able to get some 
Moser iteration formula under Ricci flow. 



5 Moser Iteration of Scalar curvature (n > 3) 

We will give a detailed construction of local Moser iteration under Ricci flow 
in this section. The idea comes from the Moser iteration in (3). Let us fix 
notation first. 

Definition 5.1. {(M", (7(t)), Q <t <1] is a closed Ricci flow solution. Fixing 
p e M , r > 0, we define 

V 

Bg(^i^{p,r), n' = Bg(i){p,-), 

D^nx[Q,l], D' ^ 17' X [1,1]. 

Inequality ([6]) is only Sobolev inequality for time slices. In order to apply 
Moser iteration on the parabolic domain D, we need a parabolic version of 
Sobolev inequality. 

Property 5.1. Suppose there is a uniform Soblev constant a for at each time 
slice, V e C^iD), andv{-,t) G C^{D), Vt £ [0,1], we have 

/ v^^^d^idt < a max \\v{-,t)\\^^^ \Vv\'^dfidt. (23) 

Jd 0<t<l ' Jjj 

Proof. By Holder inequality and inequality ([5]), we have 



V " d^dt = / dt V ■ V " dfi 
D Jo Jn 

< [ dt{[ v^-d^)^-{[ v^-^dfi)^' 
Jo Jn Jn 

\H;t)\\t:ni v^-dfi)^dt 
Jn 



□ 



Then we start the main Lemmas in this section. 



Lemma 5.1. {{M"^, g{t)), < t < 1} is a closed Ricci flow solution with 
Ric > —B. Suppose there is a uniform Soblev constant a for fl at each time 
slice. If ue C^{D) and u>0, 

du 

— <Au + fu + h, (24) 
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supp(ry) 
Figure 2: a cutoff function 



in distribution sense, and ||/||g + \\R~- ll, d + 1 ^ Co for some q > f + 1- Then 
there is a constant Ca — Ca{n, q, a, Co, r, B) such that 

\\u\\^,n' < CaiM^^o + \M,,D ■ \\M\^,d)- (25) 



Proof. Choose a cutoff function r] e C°°{D) sucli that ri{-,t) e C(f(f^), Vt £ 
[0,1], and 77(2;, 0) = 0. Moreover, ri{x,-) is a nondecreasing function for every 

Define 

K = ll^llq.D: V = U + K. 

Fix /3 > 1, use 77'^(u + k)^^^ as a test function, from inequahty ([M]), 

-Av+—<fu + h. 
at 

Then, for any s G (0, l],we have 

/ {-Av)7j^v''~'d^idt+ r f ^fi'vP-^diidt 
Jq Jn Jo Jn 'J^ 

< f f {fu + h)r]^{u + nf-^dfidt 
Jo Jn 

< r [ i\f\+^-^wv''d^dt. 

Jo Jn 
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Note that = —RdpL, integrating by parts yields 

/ / (2?7 < V77, Vt; > i;''"^ + (/? - l)ffv^'-'^\Vv\^)dndt 

+ h ( rfyf^diil- f f 2T]^v'^dndt+ f f r]^v'^Rdndt) 
P Jn Jo Jn Jo Jn 

< r f (l/l + ^-^)v^v^d^idt. (26) 
Jo Jn 

By Schwartz inequahty, 



1 



2r] <Vri,Vv > v'^-^d^dt> -e'^ v'^v'^-^\Vv\'^ - — /u^|Vryp. 

Jo Jn Jo Jn ^ Jo Jn 

(27) 

Plugging inequality (P?)) into (pS)) . we get 

(/3-l-e2) r f r)^v>^~^\Vv\^d^idt+]- f ifv'^diil 
Jo Jn P Jn 

< r I {\f\+—)Tfv''diidt+^ r f v^'\v7j\^dfidt 

Jo Jn ^ Jo Jn 

+ ]-{[ I 2j^^vl^diJLdt- f f jfyf^Rdiidt). 
P Jo Jn Jo Jn 

Let — since jV-w^p = '^w^"^] Vwp, we know 

2(1-^) / / 7f\Vvi\^d^idt+ f rfyl^d^il 
P Jo Jn Jn 

<P f I (l/l + — + R-)rfv^dfidt 
Jo Jn ^ 



2/3 



P-lJo 

Since 



Jo Jn Jo Jn c/i 



|V(77W^)|2 < 2tj'^\Vv^\'^ + 2v'^\Vr]\'^, 

we have 

(1-^) / / \V{f]v^)\^dfidt+ f v^yl'dfiU 
P Jo Jn Jn 

<P f I (l/l + — + R-Wv^diJidt 
Jo Jn 1^ 



-2(^ + /^' 



I I v'^\VT^\^diidt+ f f 2r)^v'^dndt. 
Jo Jn Jo Jn cli 



14 



Therefore, 

\\/{T]v'^)\'^d^idt+ / rfv'^d^x\, 
lo Jn Jn 



<A(/3)(/ / {\f\+^-^ + R-)T]^v'^dfidt+ f f v'^\Wrfdfidt+ f f 2r;^w^rfM) 
Jo Jn ^0 Jn Jo Jn (^t 



<Mmr / + I {ifvf')^-dy^dty- 



Jn 1^ Jo Jn 

vf^\Vr]\'^dndt+ [ I 2T]^v>^dndt) 
lo Jn Jo Jn 9t 

/•S p 



< mawfikD + \\R-K,D + 1)( / / iv'vn—df^dt)- 



Jn 



+ f f v'^\Wr]\^dndt+ f [ 2f]^v'^dndt} 
Jo Jn Jo Jn 

<A(/3)(Co(/' / {7J^v^)^d^ldt)'^ + r f vP\Vr)\^dndt+ f f 2j^^v^ diidt). 
Jo Jn Jo Jn Jo Jn 



We can choose A(/3) = 6/3 if /? > 2. In particular, 



max 



0<s<ljfi dt 1,D 

il^\Wv-^\Htxdt < A(/3)(||(|V77p + 2Av^'\\ + CohViK ^). 
£) at i,D 9-1' 

The Sobolev inequaUty on the parabohc domain D yields 

hV||^_^<a^A(/?)(||(lV,7p+2r;^K||^^ + Co||r7V||_^_^). (28) 

Since q > ^^y^, < ^17^' interpolation inequality, 

hV|U ^ < e'||r;2z;/'||^ ^ + (e')-n|r/V||, ^, 

g-1 ' 71 ' ' 

where r/ = ^ ^^"''^ „ . Therefore, 

2q—n—2 ' 



(l-A(/3)a^C7oe')ll'7V||^ 



< A(/?)a*(||(|V77p + 277^K||^ ^ + Co • 
Let e' = , we get 

2A(/3)(j^Co 

Wv'v^Wnii^D < 2A(/3)a^(||(|V,7|2 + 27?^K||^ ^ + Co • (2A(/3)a^Co)''hV|li^^). 
Since we can always choose A(/3) > 1, we obtain 

||ryV||^^^<Ci(n,g,a,Co)A(/3)i+'' / (| Vt?!' + 2,?^ + Ty^)^/^^^^^. (29) 



D 
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Then we construct cutoff functions and domains. Define 

nk = Bg(i){p,rk),Dk = nkX[tk,l], k>0. (30) 
Let 7 e C°°(IR,R), < 7' < 2, and 



7(i) = 

Define 7feW=7(^z^), ^ > 1- 
Let p G C°°(R,M), -2<p'< 0, and 



0, t<Q, 

1, t>l. 



Pis) 



1, s<0, 
0, s > 1. 



Define pfc(s) ^ p(^f^), fc > 1. Then let 
Therefore, < < 1, and 



Vk{x,t) 



1, {x,t)€Dk. 



Moreover, 



|Vr?fc|g(i) = |7fe(i)Vp/cK(i)(a:,p))ls(i) 

= l7fe(*)Pfe(c^s(i)(''.P))Vrfg(i)(a;,p)|g(i) 

< ^ <2'=+2r-^ 

Tk-l - Tk 
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Figure 4: basic cutoff functions 



Note that 

d 

hence 



Therefore, we know 

1^1 < 2^+2, 

|Vr,fc|g(t) <e^2'=+V-\ Vte[0,l]. (31) 
If /3 > 2,A(/3) = 6/3, by inequahty we have 

2„/3 



consequently, 



IH^gn.. < C! -4^ ■P^\\v\\gn^__^ • (32) 



Let A = then 



71 

1 \ 1 



lkllA^D. <Q ^ ^4i^+-+i^a(^+'^)(i^+-+i^)||«IU.o^p,^ 

= C5(n,g,CT,Co,r,B)||u||^fco d, ■ 

Here ko = ko{n) is the smallest integer such that A*^" > 2. If /9 < 2, since ([^ 
is true, we can still do iteration. Starting from \\v\\^ j^^, in ko steps, we can get 
a control of ||z;|Ufc(, „ ■ That is, 

IHx^o.Dka - C6(",9,cr,C'o,r,B)||t;||^^^^. 
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Consequently, 

\\v\\^,^j,^<Cj{n,q,a,Co,r,B)\\v\\^^^^, W k > 0. (33) 
Actually, what we get is 

\\v\\^., ,,^^<Cv{n,q,a,Co,r,B)\\v\\^,,^^^^, V < fci < fe. (34) 
From inequality (|33p. and D' C -Dfc,V fc > 0, we get 

Let fc ^ oo, Ca — C7{n, q, a, Co, r, B), we get 

\\v\\^j,, < Ca{n,q,<J,Co,r,B)\\v\\^,, . 

Since u > 0, we have 

h\L,D' < \Hoo.D' 

< Ca{n,q,a,CQ,r,B)\\v\\^jy 

< Ca{n,q,a,Co,r, B)i\\u\\^^^ + k\\1\\^^^) 

= Cain,q,a,Co,r,B)i\\u\\^j, + \\h\\^j,\\l\\^j,). 

□ 

Remark 5.1. From our proof, in order inequality to be true, we only need 
ll/llgDfc + ll-^-llgDfc + 1 C'o • Consequently, inequality Ii25\) is true for the 
same constant if D is replaced by D^, i.e., 

\\u\\^^^, < Ca{n,a,Co,r,B){\\u\\^, ,,^ + ||/j||,,^||l|U.,^J. (35) 

Lemma 5.2. {{AP^, g{t)), < t < 1} is a closed Ricci flow solution with 
Ric > —B. There is a uniform Soblev constant a for fl at each time .slice. If 
u e C^iD) and u>Q, 

du ^ , , 
— < Au + fu + h, 
ot 

in distribution sense. Here f G L~^{D). Fix /3 > 1. Then there are two 
constants Sb{n, a, f3), Cb(n, a,r,B, (3) such that if ||/||i+2 ^ + \\R- ||i+2 ^ < 5b, 
then 

M^p^D, < Cb{n, a, r, B, mAp^D + ll^ll^.z^llll^.z,) • (36) 
Here D\ is defined by equation i3(^) . 

Proof. Let rj — rji, then we do the calculation as in the proof of lemma 15.11 
Instead of k = \\h\\^ jj in the previous lemma, we let k = Z • \\h\\ n+2 ^ for some 
positive number I. We can get a similar inequality as inequality (|28p . 

\\vy\\^i,D < cj^-m{jj}^m? + 27j,^)v^dtidt+ 

{\\f\\^l^D + \\R-\\^,D + ])\\v!v''\\^^j,}. 
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If ||/||n+2 n + ||-R-||n+2 n < , choosc I = 4cr"+^A{d) + 1, we obtain 

||77iV||^^^<2a^A(/3) J (|V77i|' + 2r?i^KdMdt 
<2a^^A{P)Cs{r,B)\\v%^^. 



Consequently, 



,D 

<2<j^-A{l3)Cs{r,B)\\v''\\,^o 

Let C9{n,a,r,B,p) ^ (2<T^A(/3)C8(r,B))3, we get 

\\v\\ii±2^^u^ < Cg{n,(T,r,B,(3)\\v\\^ jj . 
Since v = u + k, u> 0, 

< Cg{n,<T, r,B,(3)\\v\\i^jjy 

<Cg{n, a, r,B,f3){\M P,D + II'*II/3,d) 

= C^{n,a,r,B,mAp,D+l- \\h\\^i,D\\np.D) 

< Ckin, a, r, B, P)i\\u\\^^^ + 

Therefore, we finish the proof if we choose 

4(T"+2A(/3) 

Cb{n, a, r, B, /3) = Cg{n, a, r, B, /3) ■ (4a* A(/3) + 1). 



□ 



Before we use Moser iteration for R, we need some volume control. 
Property 5.2. {{M^,g{t)), <t <1} is a closed Ricci flow solution. 

\Ric{x,t)\ < (n- 1), V(a;,t) eClx [0,1]. 
Then there exists a constant V{n, r) > 1 such that 

\\i\\,,D<y^<y, vq>i. (37) 



Proof. Since = i3g(i)(p, r), Ric < (n — 1), by the evolution of geodesic length 
under Ricci flow, we have 



r!cSg(i)(p,e^"-iV), VtG[0,l]. 
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On the other hand, Ric > — (n — 1), by volume comparison theorem, we obtain 



("-1) 



[ diJL<a{n-l) I (sinh r)"-idr = Cio(n,r) 

JBj,(t)(p,e('-i)r) Jq 

where a{n — 1) is the area of S""^^ with canonical metric. Hence, 

Jo Jn 

< [ [ dfidt 

JO "'Bg(t)(p,e('-i)r) 

< Cio. 

Let V{n, r) = maxjCio, 1}, then 

\\n,M = \\niD<y~^ <v, V(z>i. 



□ 



Now we can apply Moser iteration to R. 
Theorem 5.1. {(A/", (/(i)), Q <t <\} is a closed Ricci flow solution. Suppose 

Ric{x,t)>-B, V(x,t) e A'f X [0,1], < B < 1, 
Ric{x,t) <{n-l), \/{x,t) enx[0,l]. 

There is a uniform Soblev constant a for Q at each time slice. Then there are 
constants S{n, a, r),C{n, a, r) such that if \\R\\ri+2 + B < S, then 

\\R+\L,D'<Ci\\R\\n±i.n + B). (38) 

Proof. Since Ric> —B^ define R = R-^ nB, we get inequality ([7]), 

— < AR + 2{R- 2B)R + 2nB^ 
ot 

Because < B < 1, in £> = f7 x [0, 1], \Ric\ < {n - 1), by Property 

\\l\kD^\\nlD<V^ Vq>l. 

Let u = / = 2{R - 2B), h = 2nB'^. As in lemma [El let 

^ 2 ' 

Cb = Cb{n,a,r,l,l3). 
If ||-R|| ri+2 ^ + i? is very small, say, 

A Sb 



\R\\ii+l^D + B < ^in,'^, r) 



3nV 
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then 



||2(i?- 25)11^.^ + 
= \\2{R+{n-2)B)\\^,, + \\R^\\^j, 
< S\\R\\r±i,d + 2(n - 2)B||1||^^^ 
<3nV^^i\\R\\^j,+B) 

<5b, 



hence, by lemma [ 

\\R\\^^l,D, < Cb{\\R\\^l,D + 2ni?'||l||i+2,Z5) 

< Cb{\\R\\n±2^^ + nB\\l\\^ jj + 2nB^\\l\\l+2^^) 

< Cb{\\R\\r^ jj + 3nBV^) 

<Cb3nV^{\\R\\:^jj + B) (39) 

< CbSb. (40) 

Now let g = 2±2ii±2 > 2i±2^ then from inequality gDI), 

||2(i? - 2B)||^_^^ + + 1 < 3||i?||^_^^ +{n + 4)S||1|I^,^^ + 1 

<3CbSb + {n + A)BV^ +1 
< 3Cb5b + 5b + l. 



Note that < i? < 1, by the definition of Cq in Lemma [531 we get 

(v + 2^12 (n + 21^ 

Cain, ^ , i3Cb + l)5b + 1, a, r, B) < Cain, ^ ' , (3^ + 1)^5 + 1, <t, r, 1). 

Let Ca - Cain, (SC^ + l)6b + I, a,r, 1). 

From Remark |5Ji we have 



\\R\Un'<Cain,^-^^,i3Cb + l)Sb + l,a,r,B)i\\R\\^^^^ + \\h\\^,^^^^^^ 

by Holder inequality 

< Ca(||i?||(^ ,,J|1||^^^^ + \\2nB\,,\\l\\^ ,,J 

from inequality (j39p 

< CaiSnCbV^HWm^^i, + B)\\l\\^^^^ + 2ni?2|ll||^^^||l||^^^J 

since V > 1 

< CaV'^i3nCbi\\R\\:i+2 jj + B) + 2nB^) 

note that B'^ < B 
<37i(Cfc + l)CaT>^(||-R||^.^ + B). (41) 
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Note that < ||i?IL,i3'- Let C{n,a,r) ^ 3n{Cb + l)CaV'^ , from 

inequality (HH), we have 

\\R+\\^,D'<C{n,a,r){\\R\\^,,+B). 

□ 



6 Proof of Theorem 11.11 for n > 3 

Proof. Since ||^|Ic<^mx[o,t) < °° imphes ||i?||ii±2_^^x[Q < oo if a > ^i^, so we 
only need to prove Theorem II. II for a = We shall argue by contradiction. 

Suppose the flow cannot be extended, then \Ric\ is unbounded by Sesum's 
result. Since Ric > —A, we know 

sup t) = oo. 

{x,t)eMx[0,T) 

Therefore, there exists a sequence (a;(*\ such that lim.^oo i^*^ = T, and 

max R[x,t). 

(a;,t)eMx[0,t(')] 

Consequently, limi^oo R{x''^\t'^^^) = oo. Define 

g« ^i?(x«,t«), P« ^Bg(,(„)(a;«,(Q«)-^) x [t« - (Q«)-i, t«], 

then for any {x,t) G i?(a;,t) < Q«. 

Now, let = - 1) + *^'^)- We have a sequence of Ricci 

flow solutions: {(Af", .g(*)(i)), < t < 1}. Moreover, 

i?«(x,t) < 1, V(x,t) eBg(0(i)(a;(^\l) x [0,f]; 

i?ic«(x,i) >-^, V(a;,i) eMx [0,1]. (42) 

Since i?ic(*) + ^ > 0, so 

Consequently, Ric^'^ < + '""(1)^ . Note that lim^^oo ^ = 0, ?i > 3, by 
inequalities (|42|) . we get 

Ric'^'\x,t) <n~l, V(a:,t) G X [0,1]; 

i?icW(x,i) >~^, V(a;,i)GMx[0,l]. (43) 

Since for any x G Bg(t(,))(xW, (Q^*))"^), -nA < R{x,t) < Q«, for large i, 
we have |i?(a;,i)| < Q^^K By Theorem 12.21 there exists a k such that 

. M Vol,(,<o)(i3,(t(.,(a^«,(Q«)-^)) ^ 
Vol,(., (i3,(., (1) (x(^) , 1)) = > (44) 
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From inequalities and (|44p . we are able to use Theorem 14. II Therefore, we 
get a constant r(K, n) such that for large i, on the geodesic ball Bg(i)(^i-^{p,r) , 
there is a uniform Sobolev constant (j(n,r) for every time slice t 6 [0, 1]. 
Then we collect conditions to use Theorem 15. II Define 

^ X [0, 1], = X [i, 1]. 

Since J^^ is a scale invariant, 

hm hm ||i?«||^^<„ 

= lim / / 

^-►oo 7t(0_(Q(0)-i ii3^(^(,)j(p,r(QW)-7) 

< lim / / 

Jt(')-(Q(i))-i 7a/ 

= 0. 

The last step comes from Jj^j\R\^^dfj,dt < oo and limi^oo(Q'-*'')^^ — 0. 
Consequently, for large i, Hi?'-*-' || 2i±2 jj^i) + < S{n,a,r). From Theorem l5.1l 
we know 

II^^IL,^, < C(n,a,r)(||i?«||^,^,) + ^) . (45) 
Taking limit on both sides, we get 

lim \\Rf\[^^, < lim C(n,a,r)(||i?W||^ ,,„ +-^) =0. 
On the other hand, 

lim WR^^W^^, > lim i?«(xW,l) = l. 
Therefore we get a contradiction. □ 

Remark 6.1. From the proof, we know the condition Ric > ~A is used only to 
assure that after blowup, Ricci curvature becomes almost nonnegative. However, 
when dim = 3, this can be achieved automatically. Actually, by Hamilton-Ivey 's 
pinch! cf.fl^). Theorem^.l], 

R>\v\{\og\y\+\og[l + t)-i). 

Here v{x,t) is the smallest eigenvalue of the curvature operator and we have 
normalized the initial metric such that infx£Mv{x,Q) > —1. This tells us that 
Ricci curvature must be nonnegative after blowup. Therefore, we can get the 
following Corollary. 

Corollary 6.1. {{M^ , g{t)),0 <t<T< oo} is a closed Ricci flow solution. If 
\\R\\^ Mx[oT) < ^ f > then this flow can be extended over time T . 

A natural question is whether the Ricci lower bound condition superfluous in 
higher dimension. To be conservative, can we substitute the condition Ric > —A 
by a weaker one? 
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